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We present what we believe is the first example of a “λ-line” phase transition in black hole
thermodynamics. This is a line of (continuous) second order phase transitions which in the case of
liquid 4He marks the onset of superfluidity. The phase transition occurs for a class of asymptotically
AdS hairy black holes in Lovelock gravity where a real scalar field is conformally coupled to gravity.
We discuss the origin of this phase transition and outline the circumstances under which it (or
generalizations of it) could occur.
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The study of black hole thermodynamics provides valu-
able insight into quantum properties of the gravitational
field. The thermodynamics of anti de Sitter black holes
has been of great interest since the pioneering work of
Hawking and Page which demonstrated the existence of
a thermal radiation/large AdS black hole phase transi-
tion [1]. Furthermore, these spacetimes admit a gauge
duality description via a dual thermal field theory.
Recently there has been interest in treating the cosmo-
logical constant as a thermodynamic variable [2] which
plays the role of pressure in the first law [3–5]. Within
this context, the black hole mass takes on the interpre-
tation of enthalpy and a number of connections with
ordinary thermodynamics emerge. It was shown that
the thermodynamic behaviour of a charged AdS black
hole is analogous to the van der Waals liquid/gas sys-
tem, with the role of the liquid/gas transition played by
a small/large black hole phase transition [6]. Subsequent
work has revealed examples of triple points [7], (mul-
tiple) reentrant phase transitions [8, 9], isolated critical
points [10, 11] and a host of other behaviour for black
holes (see [12] and references therein for a review).
Here we present the first example of a line of second
order (continuous) black hole phase transitions which
strongly resemble those which occur in condensed mat-
ter systems, e.g. the onset of superfluidity in liquid he-
lium [13]. The phase transition occurs in a broad class of
asymptotically AdS hairy black holes in Lovelock grav-
ity. Lovelock gravity [14] is a geometric higher curvature
theory of gravity and is the natural generalization of Ein-
stein gravity to higher dimensions, giving rise to second
order field equations for the metric. It provides an excel-
lent testbed for examining the effects of higher curvature
corrections which appear in, for example, the low energy
effective action of string theory [15]. Recently, it has been
shown [16] that a scalar field can be conformally coupled
to the Lovelock terms and the resulting theory gives rise
to analytic hairy black hole solutions [17] evading no-go
results which had been reported previously [18]. These
solutions have already been shown to possess interest-
ing thermodynamic properties [19–21] (such as reentrant
phase transitions), and are of inherent interest due to the
role scalar hair plays in holography, e.g. in descriptions
of holographic superconductors and superfluids [22, 23].
The model we consider consists of Lovelock gravity, a
Maxwell field, and a real scalar field coupled conformally
to the dimensionally extended Euler densities,
I = 1
16piG
∫
ddx
√−g
(
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k=0
L(k) − 4piGFµνFµν
)
(1)
where
L(k) = 1
2k
δ(k)
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Rαrβrµrνr +bkφ
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(2)
with δ(k) = δα1β1···αkβkµ1ν1···µkνk the generalized Kronecker ten-
sor. Here the tensor S γδµν describes how the scalar field
couples to gravity,
S γδµν =φ
2R γδµν − 2δ[γ[µδδ]ν]∇ρφ∇ρφ
− 4φδ[γ[µ∇ν]∇δ]φ+ 8δ[γ[µ∇ν]φ∇δ]φ , (3)
and transforms homogeneously under the conformal
transformation, gµν → Ω2gµν and φ→ Ω−1φ as S γδµν →
Ω−4S γδµν .
We take a line element of the form,
ds2 = −fdt2 + f−1dr2 + r2dΣ2(σ)d−2 (4)
where dΣ2(σ)d−2 is the line element on a surface of con-
stant curvature σ(d − 2)(d − 3) with σ = +1, 0,−1 cor-
responding to spherical, flat and hyperbolic geometries;
in the latter cases, the space is compact via identifica-
tion [24]. For this ansatz, the field equations for the
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kmax∑
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H
rd
− 8piG
(d− 2)(d− 3)
Q2
r2d−4
(5)
where
α0 =
a0
(d− 1)(d− 2) , α1 = a1 ,
αk = ak
2k∏
n=3
(d− n) for k ≥ 2 , (6)
and
H =
kmax∑
k=0
(d− 3)!
(d− 2(k + 1))!bkσ
kNd−2k (7)
is the “hair parameter”. For this configuration the scalar
field takes the form,
φ =
N
r
(8)
and its equations of motion reduce to the following con-
straints:
kmax∑
k=1
kbk
(d− 1)!
(d− 2k − 1)!σ
k−1N2−2k = 0 ,
kmax∑
k=0
bk
(d− 1)! (d(d− 1) + 4k2)
(d− 2k − 1)! σ
kN−2k = 0 . (9)
Since these are two equations in a single unknown (N),
one equation enforces a constraint on the allowed cou-
pling constants, bk. Computing the temperature by re-
quiring the absence of conical singularities in the Eu-
clidean sector and the entropy using the Iyer-Wald for-
malism [25], we find the thermodynamic quantities for
this solution are
M =
(d− 2)Σσd−2
16piG
kmax∑
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d
2σ(d− 4)H
]
if bk = 0 ∀k > 2. (10)
where D(r+) =
∑kmax
k=1 kαk(σr
−2
+ )
k−1. It is straightfor-
ward to show that they satisfy the extended first law and
Smarr formula. As the remaining expressions are quite
lengthy we shall report them elsewhere [26].
In what follows we consider αk = 0 ∀k > 3 and
bk = 0 ∀k > 2. This last condition is for simplicity: the
falloff in the metric function is the same for all bk and the
contribution to the entropy is always just a constant; so
only the first three bk’s are required to see all the physics
of the scalar hair.
Introducing the dimensionless parameters
r+ = vα
1/4
3 , T =
tα
−1/4
3
d− 2 , H =
4pih
d− 2α
d−2
4
3
Q =
q√
2
α
d−3
4
3 , m =
16piM
(d− 2)Σ(κ)d−2α
d−3
4
3
p =
α0(d− 1)(d− 2)√α3
4pi
, α =
α2√
α3
,
G = M − TS = α−
(d−3)
4
3 g . (11)
The dimensionless equation of state (obtained by solving
the expression for the temperature in Eq. (10) for the
pressure) reads
p =
t
v
− σ(d− 3)(d− 2)
4piv2
+
2ασt
v3
− α(d− 2)(d− 5)
4piv4
+
3t
v5
− σ(d− 7)(d− 2)
4piv6
+
q2
v2(d−2)
− h
vd
(12)
where the quantity p represents the pressure and g the di-
mensionless Gibbs free energy. At equilibrium, the state
of the system is that which globally minimizes the Gibbs
free energy.
Noting that the conditions for a critical point are
∂p
∂v
=
∂2p
∂v2
= 0 (13)
we find that for α =
√
5/3 if h and q are set to the values
h =
4(2d− 5)(d− 2)2vd−6c
pid(d− 4) , q
2 =
2(d− 1)(d− 2)v2d−10c
pi(d− 4)
(14)
3and σ = −1, Eq. (13) is satisfied by vc = 151/4 and
pc =
[
8
225
(15)
3
4
]
tc+
√
15(11d− 40)(d− 1)(d− 2)
900pid
(15)
for all temperatures tc! In other words, this system ex-
hibits infinitely many critical points with critical volume
vc = 15
1/4. In the p−v plane, every isotherm is a critical
isotherm, i.e. has an inflection point at v = 151/4. In the
variables (t, p) there is no first order phase transition but
rather a line of second order phase transitions, character-
ized by a diverging specific heat cp = −t ∂2g/∂t2 at the
critical values. We show representative thermodynamic
behaviour in Fig. 1 for d = 7.
The line of second order phase transitions mimics
those that occur in condensed matter systems where
they correspond to, for example, fluid/superfluid tran-
sitions [27], superconductivity [28], and paramagen-
tism/ferromagnetism transitions [29]. Building on the
black hole/van der Waals fluid analogy [6], the natural
interpretation here is that this second order phase tran-
sition between small/large black holes corresponds to a
fluid/superfluid type transition. The resemblance to the
fluid/superfluid λ-line transition of 4He (Fig. 2) is strik-
ing. In each case, a line of critical points separates the
two phases of ‘fluid’ where specific heat takes on the same
qualitative “λ” structure. The phase diagram for helium
is more complicated, including solid and gaseous states.
This is to be expected since helium is a complicated sys-
tem, while these hairy black hole solutions are compara-
tively simple being characterized by only four numbers:
v, h, q and α. However, it is remarkable that with so few
parameters the essence of the λ-line can be captured.
Most of the interesting properties of a superfluid are ei-
ther dynamical or require a full quantum description to
understand (see, e.g. [13, 30] for an introduction and
review). Since we do not have access to a model of the
underlying quantum degrees of freedom it is not possible
to explore the black hole analogues of these properties at
a deeper level.
It is natural to wonder if there are any pathological
properties of these black holes. We have examined the
Kretchmann scalar near the λ-line and have found it to
be finite at all finite temperatures and pressures. We
have also studied the explicit solution to the field equa-
tions in detail and have found it to be completely regular
outside the horizon. Within the horizon and at large
enough pressures, the first derivative of the metric func-
tion diverges. Such behaviour is neither fatal nor un-
common for Lovelock black holes—similar behaviour oc-
curs for charged black holes in Gauss-Bonnet gravity (cf.
Fig. 2 of [9]). The Gibbs free energy and temperature
are continuous and differentiable near the critical point
and the entropy is positive. The specific heat is positive,
indicating thermodynamic stability of these black holes.
Furthermore, we have examined the linearized equations
of motion for the theory about a maximally symmetric
background and found that for the values of the coupling
constants taken here the theory is free from ghost and
tachyon instabilities [26]. Thus it seems that there is no
underlying pathological behaviour here.
To calculate valid critical exponents, the appropriate
ordering field, Θ, must be identified. As for liquid he-
lium [27], pressure is no longer the appropriate ordering
field for this line of 2nd order phase transitions. In this
case there are three options for Θ: q, h or α. The resul-
tant critical exponents are independent of which choice is
made, but q is the most natural choice since its variation
does not entail any coupling constants. Rearranging the
expression for the temperature (10) for the chosen order-
ing field Θ, it can be expanded near a critical point (in
terms of ω = (v − vc)/vc and τ = (t− tc)/tc) to give:
Θ
Θc
= 1−Aτ +Bτω − Cω3 +O(τω2, ω4) , (16)
where A, B and C are non-zero constants whose numeric
value depends on the pressure and choice of ordering field.
It is clear from (16) that the critical exponents are
α = 0 , β =
1
2
γ = 1 , δ = 3 (17)
and respectively govern the behaviour of the specific
heat at constant volume, CV ∝ |τ |−α, the order pa-
rameter ω ∝ |τ |β , the susceptibility/compressibility
(∂ω/∂Θ)|τ ∝ |τ |−γ and the ordering field Θ ∝ |ω|δ
near a critical point. These results coincide with the
mean field theory values, in particular for those for a
superfluid in d > 5 (cf. Table I of [27]).
We conclude by examining under what situations these
λ-lines can be expected for black holes. Here the key re-
sult was that the conditions for a critical point are satis-
fied without fixing the temperature. For an equation of
state of the form,
P = a1(r+, ϕi)T + a2(r+, ϕi) (18)
(where ϕi represent additional constants in the equation
of state) this condition is satisfied provided a nontrivial
solution for the following equations exists:
∂ai
∂r+
= 0 ,
∂2ai
∂r2+
= 0 i = 1, 2 . (19)
With four free parameters (v, α, q and h), the hairy black
holes permit a non-trivial solution to these 4 equations.
This result generalizes to all Lovelock theories cubic and
higher: with an appropriate choice of parameters, they
possess λ-lines in the presence of conformal hair and
charge. However the necessary and sufficient conditions
for satisfying (19) for black holes in general remain to be
found. We have checked that neither the rotating black
hole of 5d minimal gauged super-gravity [32] nor those in
4FIG. 1. Thermodynamic behaviour near λ transition: Left : A plot of the Gibbs free energy vs. temperature for three
distinct pressures chosen so that critical temperatures are tc = 3, 5, 7 corresponding to the red, blue and black curves. The
dotted lines highlight the points where the second derivative of the Gibbs free energy diverges. Center : A plot of the specific
heat cp = −t ∂2g∂t2 for the case tc = 3. Right : p–t parameter space. The black line shows the locus of critical points, i.e. a line
of second-order phase transitions known as the ‘lambda’ line in the context of superfluidity. These plots are for d = 7.
FIG. 2. Thermodynamic properties of 4He: Top: The
P–T phase diagram for 4He. The λ line corresponds to a line
of critical points where a second order phase transition occurs
marking the onset of superfluidity. To the left of the λ-line,
the liquid begins to exhibit remarkable properties. Bottom:
The specific heat of liquid 4He. As the λ-line is approached,
the specific heat spikes taking the shape of the Greek let-
ter “λ”. These plots have been reprinted with permission
from [31].
higher order Lovelock gravity (without hair) admit a non-
trivial solution. A particularly interesting case would re-
sult if the above equations admitted two (or more) non-
trivial solutions. Such a circumstance could give rise to
two intersecting λ-lines, a situation that occurs in certain
ferromagnetic materials [33].
To summarize, we have presented the first example of
a superfluid-like phase transition in black hole thermo-
dynamics. This occurs for hyperbolic black holes with
conformal scalar hair in cubic Lovelock gravity for any
dimension d ≥ 7. We have examined the black hole so-
lutions and verified they are free from pathological be-
haviour. We have presented precise conditions (19) that
a black hole equation of state must satisfy to display sim-
ilar behaviour. While satisfaction of these conditions is
by no means trivial, we find that all cubic-and-higher
Lovelock theories with conformal hair can satisfy these
requirements. We suspect there exists a much broader
class of gravitational theories containing black holes that
will exhibit λ-line phase transitions. Determining fur-
ther examples of this, or similar, behaviour remains an
interesting problem for future research.
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